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Therefore, for weak shock waves, Eq. (13) can give /3 values
that approach the accurate values over a wide range of M{ and
6. With Eq. (13), j3 is evaluated easily from the values of 0 and
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I. Introduction

I N Refs. 1 and 2, Lloyd described SUBSIM, a mathematical
model to simulate deeply submerged maneuvers of a sub-

marine. The model is based on a time-marching simulation of
the changing flow around the maneuvering submarine and
takes account of the vortices shed from the appendages and
the separated flow on the hull. Similar techniques have been
used to compute the maneuvering characteristics of missiles
(see Ref. 3).

The flow around the submarine is described in terms of a
distribution of shed vortices where the characteristics of the
appendage vortices are computed using Glauert's4 lifting-line
theory while the vorticity shed from the hull is modeled using
a total of 22 vortices. The positions and strengths of these are
computed from empirical data measured on a submarine-like
body of revolution (rounded nose and pointed tail) on the
Rotating Arm facility at the Admiralty Research Establish-
ment, Haslar, England, UK. The experiments were described
by Lloyd and Campbell5 and Lloyd.6 They involved the direct
measurement of vorticity using a Freestone probe7 and the
integration of vorticity contours to obtain circulation as a
function of the body station, nondimensional turn rate, and
drift velocity. Empirical equations fitted to the results are used
to compute the strength and position of the hull vortices in
SUBSIM.

Classical potential flow techniques are used to compute the
velocities in planes transverse to the axis of the submarine.
This allows the computation of the trajectories of the ap-
pendage vortices and also the calculation of the local incidence
at various span wise stations on each appendage. These local
incidences are then used in the lifting-line calculations.

II. Rankine Vortex
In the early development of the mathematical model, classi-

cal inviscid vortices were used with the velocity field given by
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where F is the circulation, (R,\l/,z) refer to a system of cylin-
drical polar coordinates with the vortex at R = 0, and $ is a
unit vector in the direction of increasing \l/.

The appropriate circulation of each vortex can be calcu-
lated, but the viscosity is zero everywhere except on the vortex
filament itself where it is undefined. This is obviously not
consistent with the experimental data. This approach also
leads to the prediction of very large incidences when a vortex
is close to an appendage.

For these reasons, it is more realistic to use the Rankine
formulation

= —-[l- exp( - aR2)] (D

where a is a constant. It is evident that this is equivalent to an
inviscid vortex for large R, and since q — (ToiR)/27r for small
R, the vortex behaves as if it has a solid core.

The core radius R* is defined to be the radius at which
maximum speed occurs, and so dq^/dR = 0 at R = R*. From
Eq. (1), it follows that 2aR2 + 1 = exp(aR}), which gives the
solution a. = 1.26/R2.

The separated flow from the hull is modeled by a string of
Rankine vortices. The circulation and core radius of each
vortex is calculated from the experiment data. However, if the
vortices are too far apart, they will retain their individual
identity and produce discrete sets of nominally circular con-
tours. We need to devise a test to establish whether the vortices
will merge to produce continuous vorticity contours, represen-
tative of those measured in the experiment.

III. Mathematical Condition for Merging
For two vortices of equal circulation and core radius at

(D ,0) and ( - D ,0), the magnitude of the vorticity f = curl q at
points on the x axis is given by ~ •

i.26r " L26 , „exp - L26 j*
relative to an origin midway between the vortices.

Putting y = x/D and s = R*/D, this becomes

exp - 1.26

The nondimensional vorticity f' is plotted for various values
of the nondimensional core radius in Fig. 1. It can be seen that
for small values of the core radius the vorticity distribution
indicates two distinct vortices. As the core radius increases,
the vortices merge. Now,

i-y\2'

The vorticity is a maximum (or minimum) when df '/dy = 0
and this occurs when

{-5-04rfI^=eXp|-5.04^l (2)
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Fig. 1 Distribution of nondimensional vorticity along x axis. Vor-
tices aTx = - D and + D with various core radii. Vortices merge for

To find the roots of Eq. (2), we draw graphs of

l-y
z = l+y

and

on the same axes as shown in Fig. 2.
There is always a point of intersection at y = 0, indicating a

maximum or minimum at the origin. For small values of the
nondimensional core radius s, there are two additional points
of intersection that correspond approximately to the individ-
ual vortices.

The vortices merge if there is only one turning point, and
this occurs if the gradient of

z = i-y
i+y

is less than the gradient of

Z = e x p -5.04^r

at y = 0.
Hence, for merging we have

< -

when y = 0.
As a result, we have

5.04

giving

Hence, the condition or merging is approximately

R*>l.6D

or
R*>O.M (3)

where d is the separation between the vortices.
If the vortices are not equal, the situation is more involved

and no longer results in a simple condition. The presence of
other vortices enhances merging (i.e., the vortices need not be
quite so close). Condition (3) provides a useful rule of thumb
that has led to the decision to use 22 hull vortices in SUBSIM.

IV. Image System for a Circle
To describe the flow past a body in terms of Rankine

vortices, we must also determine the appropriate image system.
We consider a vortex of circulation F at (c, 0) outside the

circle
x2 + y2 = a2 (a<c)

For an in viscid vortex, it is easily shown using Milne-Thom-
son's circle theorem that the image system consisting of a
vortex of circulation - F at the inverse point [a3/c, 0] to-
gether with a vortex of circulation F at the origin.

For a Rankine vortex, it is not possible to use the complex
potential approach. Essentially the condition is that the circle
is a streamline (i.e., the velocity on the circle is tangential to
it). The vortex at the origin is not relevant in this respect. It is
included to make the circulation around the circle zero.

The velocities Vi and v2 produced by the original vortex and
the vortex at the inverse point produce a resultant velocity
Vi + V2, which is tangential to the circle.

With a Rankine vortex, v^ will be in the same direction but
with smaller magnitude than with an in viscid vortex. Provided
that the magnitude of v^ is reduced in proportion, then v\ + V2
will still be in the same direction. Hence, for the circle to
remain a streamline with a Rankine vortex, we require

o ROOTS

Fig. 2 Functions z = (1 -y)/(l + y) and % = exp [-5.040/s2)].
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where R R* refer to the original vortex and -R ', Rt to the
image vortex at the inverse point.

As a result, we conclude that

nology Common to Aero and Marine Engineering, Society for Under-
water Technology, London, 1988, pp. 73-84.

7Freestone, M. M., "Vorticity Measurements by a Pressure
Probe," Aeronautical Journal, Jan. 1988, p. 29-35.

R R'

or

R' RR, = ——R. (4)

However, the equation of the circle can be written in the form

ILL ~a ~ (g2/c) _ f?
R c - a c

since in Cartesian coordinates this becomes

(x-a2/c)2+y2
 = 02

(x-c)2+y2 ~ c2

which gives on simplification

x2 +y2 = a2

It follows from Eq. (4) that the core radius of the image vortex
at the inverse point is R *, where

_ -
c

Since the core radius of the vortex at the origin does not affect
the condition of tangential velocity at the circle and since we
will riot be interested in points inside the circle, it is proposed
to use an inviscid vortex at the origin.

V. Conclusions
This paper has described the techniques used in the SUB-

SIM mathematical model to represent the flow around a body
of revolution at an angle of attack. These involve the represen-
tation of the measured vorticity contours by a series of discrete
Rankine vortices. The condition for the vortices to merge has
been examined. Expressions for the Rankine vortex image
within the circular body have also been developed. These
techniques have application in the treatment of vortical flows
close to circular bodies: submarines, airships, missiles, and
offshore structures.
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Introduction

RECENT studies (e.g., Refs. 1-3), conducted on two-
dimensional and inclined cylinders of various cross-

sectional shapes throughout the angle-of-attack range, have
indicated that a high degree of flow unsteadiness may be pres-
ent because of various phenomena. These include low-
frequency three-dimensional effects, asymmetry-related
vortex flipping, moderate-frequency von Karman shedding,
and higher frequency transition-related phenomena. In several
cases, combinations of the phenomena have been found to
coexist.

The study of Kourta et al.1 presents information concerning
small-scale, shear-layer vortices on two-dimensional cylinders
for Reynolds numbers ranging from ReD = 2x 103 to 6x 104.
Hot-wire power spectra measured at points in the shear layer
showed two peaks, the first corresponding to the von
Karman vortex shedding and the second to a much higher
frequency associated with motion on the shear layer. In-
vestigations of Wei and Smith2 on two-dimensional circular
cylinders provided additional evidence of the transition waves
and showed that these waves are highly three dimensional.

Poll3 investigated the flow over a long cylinder (noncircular
cross section) at Reynolds numbers ranging from 4.5 x 105 to
8.3 x 105 and angles of incidence ranging from 55 to 70 deg.
He found that the boundary layer is susceptible to time-
dependent disturbances that grow to large amplitude before
the onset of transition. At the lower end of the Reynolds
number range studied (prior to the transition to turbulence), a
high-frequency rider was measured superimposed on a low-
frequency von Karman-like wave.

Preliminary computations4 of laminar flow around an ogive-
cylinder body at large incidence indicated that the computed
wake was asymmetric and also unsteady. Close examination
of the solution showed that shear-layer vortices were being
shed into the leeside vortex flowfield at a high frequency. Fol-
lowing the numerical finding, Degani and Zilliac5 conducted
an experiment that demonstrated that the flowfield around an
ogive-cylinder body at angles of attack above 30 deg was also
highly unsteady. Three distinct unsteady flow phenomena
were identified. These phenomena included a low-frequency
von Karman vortex shedding, a high-frequency shear-layer
unsteadiness, and a vortex interaction at moderate frequency.
The shear-layer fluctuations were found to decrease in ampli-
tude and become intermittent as the angle of attack approach-
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